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ABSTRACT

Lot of mathematical models including differential equations play important role in
healthcare and biotechnology. One of them is Malthus model. This model was developed by
Thomas Malthus, in his essay on world population growth and resource supply. Another
interesting equation is Advection diffusion equation and Predator prey model. We use a
integral transform called as Soham transform to obtain the solutions of these models which

are important in biotechnology and health sciences.
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1. INTRODUCTION: Mathematical models are of much importance in the optimization
of the performance of the biotechnological process. Here we discuss growth law (Malthus
equation), logistic model and Predator Prey model. Population is always modeled by
growth law or differential equations, for the population u = u(t ) of insects in the tube at a
time t. For that Malthus model is used, which is

du(t) _
= ru(t).

Meaning of this law is growth rate is proportional to current population and the
proportionality constant r is intrinsic growth rate. By using variable separable method we
can obtain its solution as u(t) = u(0)e™. From this equation we can conclude that the

graph of population is increasing exponentially. This model is reasonable in early stage.

But as the resources like food, space and other factors are limited; there is
competition for these resources the growth of population does not follow the exponential

equation. So the Malthus model is replaced by logistic model.
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au(t) _ _u(®
Tk ru(t) (1 K ) (1.1)

Where K is carrying capacity, which means that as the population grows and approaches
to K then the growth approaches to zero and there is limit to the growth. Serdal Pamuk and
Nagihan Saylu [37] used Laplace transform method for logistic growth in a population and
predator models. The interaction between predator and prey commonly occurs among the

bacterial species and protozoa. Hence the predator prey model is important model.

Recently, integral transforms are one of the most useful and simple mathematical
technique for obtaining the solutions of advance problems occurred in many fields like
science, Engineering, technology, commerce and economics. To provide exact solution of
problem without lengthy calculations is the important feature of integral transforms.

Due to this important feature of the integral transforms many researchers are attracted to
this field and are engaged in introducing various integral transforms. Recently, Kushare and
Patil [1] introduced new integral transform called as Kushare transform for solving
differential equations in time domain. Further, Savita Khakale and Dinkar Patil [2]
introduced Soham transform in November 2021. As researchers are interested in introducing
the new integral transforms at the same time they are also interested in applying the
transforms to various fields, various equations in different domain. In January 2022, Sanap
and Patil [3] used Kushare transform for obtaining the solution of the problems on Newton’s
law of Cooling.

In April 2022 D. P. Patil, et al [4] solved the problems on growth and decay by using
Kushare transform. D.P. Patil [5] also used Sawi transform in Bessel functions. Further,
Patil [6] evaluate improper integrals by using Sawi transform of error functions. Laplace
transforms and Shehu transforms are used in chemical sciences by Patil [7]. Dinkar Patil [§]
used Sawi transform and its convolution theorem for solving wave equation. Using
Mahgoub transform, parabolic boundary value problems are solved by D .P. Patil [9].

D .P. Patil [10] used double Laplace and double Sumudu transforms to obtain the
solution of wave equation. Further Dr. Patil [11] also obtained dualities between double
integral transforms. Kandalkar, Gatkal and Patil [12] solved the system of differential
equations using Kushare transform. D. P. Patil [13] solved boundary value problems of the
system of ordinary differential equations by using Aboodh and Mahgoub transforms. Double

Mahgoub transformed is used by Patil [14] to solve parabolic boundary value problems.
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Laplac, Sumudu , Aboodh , Elazki and Mahagoub transforms are compared and used it
for solving boundary value problems by Dinkar Patil [15]. D. P. Patil et al [16] solved
Volterra Integral equations of first kind by using Emad-Sara transform. Futher Patil with Tile
and Shinde [17] used Anuj transform and solved Volterra integral equations for first kind.
Rathi sisters and D. P. Patil [18] solved system of differential equations by using Soham
transform. Vispute, Jadhav and Patil [19] used Emad Sara transform for solving telegraph
equation. Kandalkar, Zankar and Patil [20] evaluate the improper integrals by using general
integral transform of error function. Dinkar Patil, Prerana Thakare and Prajakta Patil[21]
obtained the solution of parabolic boundary value problems by using double general integral
transform. Dinkar Patil used Emad- Falih transform for solving problems based on Newton’s
law of cooling [22]. D. P. Patil et al [23] used Soham transform to obtain the solution of
Newton’s law of cooling. Dinkar Patil et al [24] used HY integral transform for handling
growth and Decay problems, D. P. Patil et al used HY transform for Newton’s law of cooling
[25]. D. P. Patil et al [26] used Emad-Falih transform for general solution of telegraph
equation. Dinkar Patil et al [27] introduced double kushare transform. Recently, D. P. Patil et
al [28] solved population growth and decay problems by using Emad Sara transform. Alenzi
transform is used in population growth and decay problems by patil et al [29]. Thete, et al
[30] used Emad Falih transform for handling growth and decay problems. Nikam, Patil et al
[31] used , Kushare transform of error functions in evaluating improper integrals. Wagh
sisters and Patil used Kushare [32] and Soham [33] transform in chemical Sciences. Malpani,
Shinde and Patil [34] used Convolution theorem for Kushare transform and applications in
convolution type Volterra integral equations of first kind. Raundal and Patil [35] used
double general integral transform for solving boundary value problems in partial differential
equations. Rahane, Derle and Patil [36] eveloped generalized double rangaig integral
transform. Kushare transform is used for solving Volterra Integro-Differential equations of
first kind by Shinde, et al [38]. Kandekar et al [39] used new general integral equation to

solve Abel’s integral equations.

This paper is organized as follows: Introduction is in first section. Second section is
devoted to the useful results and formulae which we are using to solve models. Logistic
growth model which is important model in health care sciences is solved in third section.
Fourth section is for Predator Prey Model. Applications and results are in fifth section and

conclusion is in sixth section.
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2. USEFUL RESULTS AND FORMULAE: In this section we include some required

definitions, some useful formulae and theorems based on Soham transform.

Definition: The Soham transform of the function f(t) is defined as
S[f®]=Pw) = %fooo f(®e ""'dt,  a is non zero real numberst 20, kysv<k, .. (2.1)

Soham transform of some standard functions:

StNo- 1 E(t) S{F(t)} = P(v)
1. 1 1
va+1
2. t 1
v2a+1
3 t2 2!
v2a+a+1

t"ne 'n+1)

van+a+1

eat 1
v(v* —a)
6. e—at 1

v(v* +a)

a
v(v?® + a?)

sinat

cos at <
v(v?® + a?)

3. SOHAM TRANSFORM FOR LOGISTIC GROWTH MODEL

Consider the Logistic growth model equation

% = u —f(u), u(0) = ug .......(3.1)

Here f is nonlinear function of u. Suppose that solution u of equation (3.1) is of the infinite
power series as follows,

u=u(t)=Yp=on t™..... (3.2)
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Further (3.2) also satisfies the conditions for the existence of Soham transform.
Applying Soham transform on the both sides of the equation (3.1) we get
du
S(E) = s(u) — sf(u)
P () — ~ u(0) = P(v) = F(v) ..(3.3)
Where, P(v) = s(u(t)) and F(v) = s(f(u)) are the Soham transform of the functions u(t) and

f(u) respectively.

Rearranging the terms in equation 3.3 we get,

P(v)=—% 0 (3.4)

we—1)v v%-1

If we suppose (u) = u? then
fw = (TF ant™?
= (ap + a;t + ayt? + . +a,t")’
=ay? + 2aga.t + (2aga, + ag?) t2 + (2agas + 2a,a,) t3 +.........(3.5)
Taking Soham transform on both sides of equation 3.3,

+ (2a0a3 + 2a1a2)3_'+

piati

ap? | 2apa

F(V) = 17_ +

a v2a+1

2!
p3a+l

+(2aya, + a,?)

F(s) ay? 2aqa, 2 2!
= 2a0a, + a —_—
pr_q pa+1(pa_1) p2a+i(pa_q) ( 0“2 1 ) p3a+L(pa_1)
3!
+(2a0a3 + zalaz) 174“+1(17“—1) + b

Applying the method of partial fractions to the terms in R.H.S. of the above equation,

_ F(s) B 1
Tve—1 p(v* —

) [ao? + 2aa, + 4aga, + 2a,% + 12aa; + 12a4a;. |

- [aoz + 2a0a1 + 4'a0a2 + 2(112 + 12a0a3 + 12a1a3]

- t[zaoal + 4'a0a2 + 2(112 + 12a0a3 + 12a1a3]
tZ 3

t
- ? [4’a0a2 + 2(112 + 12a0a3 + 12a1a3] - g [12a0a3 + 12a1a3]

Applying inverse Soham transform to both sides of the above equation and rearranging the

terms we get,
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2 3 2 2
ult) = uo(l+t+t—+t—+---)—[a02t+(ai+a0a1)t2+(&+M+2aﬂ+
2 6 2 6 3 3
‘l)t3]+
3
ult) = _ g2 Yo _ o’ _ )z (u_o_a_cﬂ_m_%_% a_lz) 3
~u(t) =ug + (uy — ay )t+(2 -~ Aol U5+ (T~ . Tt

If we consider uy= 2 and compare with 3.2 we obtain

-13
ao=2,a1=—2, a2:3, a3:T

Therefore,

-13

u(t)=2-2t+3t? + - t3 ... ...

It is required solution and the graph of this solution is

Graph of time verses population
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This figure 1 is graph showing that how population of a species changes when a hazard

function is acting in life of the species.

From graph we can conclude that, if there is more competition in life and more hazards
then the population decreases. Here f(u) that is hazard function is taken as square of the
population that means more hazard, so population of the insect reaches to zero in less than

one unit interval of time.
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4. Soham transform for predator prey model:
In this section we use Soham transform for predator Prey model.

The interaction between two species and their effect on each other is called as predator
prey relationship. In this one species is feeding on the other species. An organism that eats
or hunts other organism as food is called as predator and an organism that is killed by other
organism for food is called as prey. Fox and rabbit, lion and zebra are examples of predator
and prey. This concept of predator prey is not only applicable for animals but it is applicable

for plants also. Grasshopper and leaf is an example of this.

Consider the system of differential equations governing predator prey model,

d
d—lt‘ —u— f(uv) 4.1)
d

d—: = Blg(u,v) —v] (4.2)

with initial conditions u(0) = uy and v(0) = vy, f and g are nonlinear functions of u and v. 8
is a positive constant. Let u and v. be the solutions of this system, which are infinite series of
the form u = (t) = Yn, a, t™ v = (t) =X;— b, t™ and they both also satisfy the required

conditions for existence of Soham transform.

Applying Soham transforms to both sides of the equations 4.1 and 4.2

S(2) = () = S[f (u, v)]
S(%) = Blslg(w,v)] - S@)]

Using the Soham transform of derivative theorem

1
v“(U(v)) — ;u(O) =UW) - FW)

ve(V()) — %v(O) =BG(v) — BV (v)

Where P(u) = U(v) ,P(v) = V(v), S[f(u(t),v(t))] = F(v) and S[g(u(t),v(t)] = G(v)
Rearranging the terms and simplifying we get

1 F(v)

we-1)v -1

Uv) =y
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and

1 G(v)

V(v) = vo En T B (V- 1)+8

Applying inverse Soham transform

_ t _c-1(_FW)
u(t) = uget =S ((v“—l)) ..... (4.3)
— -Bt -1(_6W®
v(t) = voe PL+BS ((v“—1)+ﬂ) ..... (4.4)

These equations (4.3) and (4.4) represent the solution of the system of equations (4.1) and

(4.2)

5. Applications and results: In this section we use results in above section to solve some

systems of differential equations arising in biotechnology and health of sciences.

EXAMPLE: 1. Consider the system of differential equations governing predator and prey

model.

G — ...(5.1)
dt

Lo ww—v ....(5.2)
dt

With initial conditions u(0) = 1.3,v(0) = 0.6
Suppose,

U =25 a,t" ,v =27 b,t™ be solution of the system of equations (5.1) and (5.2).

S UV = aobo + (aobl + albo)t + (aobz + albl + azbo)tz
+ (a0b3 + albz + azbl + a3b0)t3 + A

Applying Soham transform,
P(uv) = aobos(l) + (aobl + albo)S(t) + (aobz + albl + azbo)S(tZ)
+ (a0b3 + albz + azbl + a3b0)5(t3) + b
1 1 2
o P(uv) = aobo (W) + (aobl + albo) (m) + (aobz + albl + azbo) (W)
6
+ (a0b3 + albz + azbl + a3b0) (W) + A

Suppose, P(uv)=F(v) = G(v).

. . _ 1 FW
By previous section we have, P(v) = u, WDy D)
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1
o P(U) = 13m
aoby aob;, + a b 42 (agb, + a;1b; + ayby)
va+1(va — 1) U2a+1(va — 1) v3a+1(va — 1)

6 (agh; + a;b, + a,b; + azb,)
v4a+1(va _ 1)

Rearranging the terms

P(U) = 13m

_ [ aobo(U‘Hl) aoby + a; by (v2etth)

(va+1)(va — 1)(va+1) (v2a+1)(va — 1)(v2a+1)

9 (agh; + aiby + aby) (W3*+h)
( (v3a+1)(va _ 1)(v3a+1) )

(aghs + ab, + ayb; + azby) (w***1)
( (U4a+1)(va — 1)(v4a+1) ) ]

Applying partial fraction and rearranging terms

P(v) = 1.3@
1 1 1
B [aobo ((v“ —Dv 1) * (aoby + a1bo) (_1 ~ (vet) * (v® — l)v)
+ 2(agh, + a;b; + a,b,) (—1 - al+1 — zi+1 + ! )
v v (v®* - 1w
1 1 1

+ 6(a0b3 + albz + azbl + a3b0) (_1 - (va+1) - v2a+1 - (v3“+1)

Applying inverse Soham transform,

u(t) = 1.3 + (1.3 - aobo)t + (1.3 - aobo - a0b1 - albo)g'{' (1.3 - aobo - a0b1 -

3
a1b0 - aobz + a1b1 + azbo)%'i' b

Similarly we can obtain,
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v(t) = 0.6 + (0.6 - aobo)t + (0.6 - aobo - aobl - albo) % + (_0.6 - aobo - aobl -

3
albo - aobz + albl + azbo)%‘l' A

From equation (5.3)
2
2?10:0 antn = 1.3 + (1.3 - aobo)t + (1.3 - aobo - aobl - albo) % + (1.3 - aobo -
3
aobl - albo - aobz + albl + azbo) % + A
Hence, Ag = 1.3, a, = 1.3 — aobo ) a, = 1.3 — aobo - aobl - albo )
a3 = (1.3 - aobo - aobl - albo - aobz - albl - azbo), .............
From equation (5.4)
2
21?;;0 bntn =0.6 + (0.6 - aobo)t + (0.6 - aobo - aobl - albo) % + (_0.6 - aobo -
3
aobl - albo - aobz + albl + azbo)%‘l' A

Hence bO = 0.6, bl = aobo —0.6 ) bz =0.6— aobo - aobl - albo,

..........

We get required solution of the system of equations

u(t) = 1.3 + 0.52t — 0.2379t* — 0.03153¢t3 + ... ...

and

v(t) = 0.6 + 0.18t + 0.183t% — 0.00835t> + .....

Graph of solution of the system 5.1 and 5.2 with given initial conditions is,
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Graph of time verses population
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This figure 2 is graph showing effect of predators on preys.

From this graph we can conclude that the number of predators and prey is
maintained (conserved).in some limit. That means if number of preys increases then the
number of predators will also increases due to increase in food supply. Increase in the
predators consumes more food. It results reduction in food supply means number of preys
reduces. A time comes when the number of predators and prey becomes equal. Then
increase in predator results decrease in prey. Hence there is shortage of food for predators.
Thus the chain is continued and number of predators and prey always remains in some

specific limit.

6. CONCLUSION: By using Raj transform we can easily solve the mathematical models in
biochemistry, health sciences and environmental sciences, containing ordinary differential

equations.
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